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Abstract:
CAD systems are usually based on a tensor product representation of free form surfaces. In this case,
trimmed patches are used for modeling non rectangular zones. Trimmed patches provide a reasonable
solution for the representation of general topologies, provided that the gap between equivalent trimming
curves in the euclidean space is small enough. Several commercial CAD systems, however, represent
certain non rectangular surface regions through degenerate rectangular patches. Degenerate patches
produce rendering artifacts and can lead to malfunctions in the subsequent geometric operations. In
the present paper, two algorithms for converting degenerate tensor-product patches into triangular and
trimmed rectangular patches are presented. The algorithms are based on specic degree reduction
algorithms for Bezier curves. In both algorithms, the nal surface approximates the initial one in a
quadratic sense while inheriting its boundary curves. In the second one, " G
1
continuity is achieved.
Approximation errors are analyzed and some examples are presented and discussed. Approximation
errors can be arbitrarily decreased through the degree elevation of the degenerate patches.
1. Introduction
Although extensive research has been performed on non-rectangular patches for free-form surface de-
sign and representation, the standard polynomial tensor-product patch still remains as the classical
way of representing surfaces in most commercial CAD systems. On the other hand, it is well known
that the tensor-product patch representation is not suitable for general surface topologies. Non rect-
angular patch shapes must be introduced at specic surfaces features, like corners or the intersections
with the axis in revolution surfaces. The basic tool for modeling non-rectangular zones has been the
use of trimmed surfaces [Cas87]. The basic element in the trimmed patch representation of a surface
is a standard patch - either integral or rational, NURBS - with a set of trimming curves dened in
the patch parametric plane which enclose the region of the patch that is valid for the surface model.
Trimmed patch representations are widely used in CAD systems and usual data interchange formats
as IGES and VDA [IGE90, VDA].
Several commercial CAD systems, however, represent some non-rectangular surface regions through
degenerate rectangular patches. A degenerate rectangular patch is a tensor-product patch having
several coincident control points in the Euclidean space. Although such patches are also allowed
in usual data interchange formats, they can lead to signicant troubles and to malfunctions in the
algorithms using the representations. As an example, the surface of revolution in gure 2 - from
a commercial CAD system - has been modeled by degenerate rectangular patches at the triangular
regions that surround its top. Control points in the top boundaries of the patches converging at the
surface upper center coincide, in the Euclidean space, at this upper center. With this conguration,
the tangent plane in this upper center is in general not dened. This is clearly visible in gure 2
(upper left), where the lack of tangent plane at the top vertex produces artifacts in the rendering of
this zone.
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An obvious solution is to transform degenerate rectangular patches onto trimmed polynomial patches,
which represent well-dened surfaces and are also supported by commercial systems and data inter-
change formats.
In the present paper, two algorithms for converting degenerate patches to triangular and trimmed
polynomial patches are presented and discussed. The nal surface approximates the initial one in
a quadratic sense while inheriting its boundary curves. The second algorithm also preserves the
tangent plane along boundary curves, within a certain approximation. Both algorithms work by rst
obtaining a suitable triangular patch approximation to the initial degenerate patch. In a second
step, the triangular patch is converted onto a standard polynomial rectangular patch trimmed by
its diagonal in the parametric plane [Bru80]. This is necessary when using commercial systems and
interchange formats that do not allow triangular patch representations. The structure of the paper is
as follows: Next section introduces the main denitions and the terminology, while section 3 presents
the proposed algorithms. Approximation errors are analyzed in section 4, and some examples are
presented in section 5.
2. Notations and Denitions
In this section, the basic terminology and denitions for the conversion of degenerate tensor product
polynomial patches into triangular patches are presented. Further details can be found in [Far90].
The problem to be solved can be stated as follows: Given the degenerate tensor product patch,
s(u; v) =
n
X
i=0
n
X
j=0
P
ij
B
n
i
(u)B
n
j
(v)
with
P
0n
= P
1n
= ::: = P
nn
;
the set fQ
ijk
j i; j; k  0; i+ j + k = ng of control points of the triangular patch
g(r; s; t) =
X
i+j+k=n
Q
ijk
B
n
ijk
(r; s; t)
must be found such that the following conditions are fullled,
 g(r; s; t) is a good approximation of s(u; v).
 g(r; s; t) is G
0
with respect to s(u; v), i.e. g has the same boundary Bezier curves as s.
 g(r; s; t) is "  G
1
with respect to s(u; v), i.e. g has almost the same tangent plane as s along
its three boundary curves.
Note that the goal is to obtain a good approximation of s(u; v). In general, it is not possible to
convert a rectangular degenerate patch s into a triangular one g without approximation error, as
it is not guaranteed that the control points P
0;n 1
; :::;P
n;n 1
dene a unique tangent plane in the
degenerate point P
nn
of s. For the same reason, "  G
1
continuity is expected instead of G
1
.
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3. Conversion Algorithms
Two dierent algorithms are proposed in this paper to approximate a degenerate Bezier tensor product
patch using a triangular Bezier patch. The two algorithms dier in the continuity conditions in the
boundary curves of the new patch.
The rst algorithm approximates a degenerate Bezier patch by a triangular patch which only fullls
the rst and the second previous conditions, that is, a triangular patch that has the same boundary
curves than the original one. Thus, using this algorithm to replace a degenerate by a non degenerate
one, the G
0
continuity is preserved.
The goal of the second algorithm is to control the tangent plane along the boundary of the patch.
In fact, the resulting triangular patch has the same boundary curves than the original one, and the
variation of the tangent plane along these curves can be bounded by an arbitrary small number.
Once a triangular Bezier patch has been built to approximate a given degenerate rectangular Bezier
patch using one of the previous methods, the Brueckner's algorithm [Bru80] is used in order to convert
the triangular patch into a trimmed rectangular patch. Thus, as result, the original degenerate patch
is approximated by a trimmed rectangular Bezier patch. Figure 1 represents the steps of the complete
algorithm.
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Figure 1: Conversion scheme
Both algorithms are based on the following lemma, which proves that every triangular Bezier patch
can be transformed into a degenerate rectangular Bezier patch.
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Lemma 3.1
Let g(u; v; w) =
P
Q
ijk
B
n
i;j;k
(u; v; w) be an arbitrary triangular Bezier patch. The patch can be
always transformed into a degenerate rectangular Bezier patch through a parameter mapping.
Proof:
Let us consider the mapping from the unity square, [0; 1] [0; 1], to the canonic triangle with vertices
(1; 0; 0), (0; 1; 0), (0; 0; 1), in baricentric coordinates, dened by:
(u; v)! (u(1  v); v; (1  u)(1  v))
This mapping gives a linear transformation from every segment [0; 1] ftg of the unity square into
the segment dened by (0; t; 1 t) and (1 t; t; 0) in the canonic triangle. This mapping is one-to-one,
except in the case of t = 1. Indeed, the segment [0; 1] f1g is transformed onto the vertex (0; 1; 0).
Using this mapping, the triangular Bezier patch is converted onto a degenerate Bezier patch dened
in the unity square as follows:
s(u; v) = g(u(1   v); v; (1  u)(1  v)) =
X
i+j+k=n
Q
i;j;k
B
n
j
(v)B
n j
i
(u) =
=
n
X
j=0
 
n j
X
i=0
Q
i;j;n i j
B
n j
i
(u)
!
B
n
j
(v)
and by degree elevation of the curves to degree n curves a degenerate rectangular patch is obtained:
n j
X
i+j+k=n
Q
ijk
B
n
j
(v) =
n j
X
i=0
Q
i;j;n i j
B
n j
i
(u) =
n
X
i=0
P
ij
B
n
i
(u)
This completes the proof of Lemma 3.2.1.
The inverse process will be used to construct a triangular Bezier patch from a degenerate rectangular
Bezier patch, the new patch being dened by a degree reduction of some control curves of the original
patch.
Let x(u; v) =
P
i;j
P
ij
B
n
i
(u)B
n
j
(v) be a degenerate rectangular Bezier patch, such that P
0n
= P
1n
=
: : : = P
nn
. A triangular Bezier patch s(u; v) =
P
i+j+k=n
Q
i;j;k
B
n
ijk
(u; v; w) has to be dened to
approximate the degenerate patch. Using the previous transformation, the triangular patch can be
represented as:
s(u; v) =
n
X
j=0
 
n j
X
i=0
Q
i;j;n i j
B
n j
i
(u)
!
B
n
j
(v)
Control points fQ
i;j;k
j i; j; k  0; i + j + k = ng have to be dened in order to minimize the
dierences:
jg(u; v)   s(u; v)j =






n
X
j=0
 
n
X
i=0
P
ij
B
n
i
(u) 
n j
X
i=0
Q
i;j;n i j
B
n j
i
(u)
!
B
n
j
(v)
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Due to the properties of the Bernstein polynomials, the control points fQ
ijk
j i; j; k  0; i+j+k = ng
are dened trying to minimize the dierences:





n
X
i=0
P
ij
B
n
i
(u)  
n j
X
i=0
Q
ijk
B
n j
i
(u)





8j = 0; : : : ; n
The problem is therefore reduced to the problem of degree reduction of Bezier curves.
The dierence between the two announced algorithms lies in the degree reduction methods; in fact,
they dier in the conditions imposed on the boundary points.
3.1 C
0
Algorithm
The rst method uses a degree reduction algorithm that transforms a n  th degree Bezier curve into
a (n 1)  th degree curve with the same endpoints. The method used here is due to Watkins-Worsey
[WaW88], which is, in its turn, based on the minimax approximation.
The degree reduction method is divided in the following steps:
1. The Bernstein-Bezier curve is converted in the Tchebyche basis.
2. The highest term, using this basis, is truncated.
3. The curve is converted back to Bernstein-Bezier form.
The curve obtained by this degree reduction algorithm is the best minimax approximation to the
original one on the domain. However, the two curves do not agree, in general, in the endpoints. It
is often desirable to enforce endpoint interpolation in order to maintain the G
0
continuity. Thus,
the resulting degree reduction method has an extra step after the previous ones: the rst and the
last control points are modied, to obtain endpoint interpolation. In [WaW88], the degree reduction
error is also computed.
Now, the rst algorithm to approximate a degenerate rectangular patch by a triangular Bezier patch
can be described as follows:
Let
P
P
ij
B
n
i
(u)B
n
j
(v) be a degenerate patch such that P
0n
= : : : = P
nn
. For any j = 0; : : : ; n, the
previous degree reduction algorithm is successively applied to the control curve:
n
X
i=0
P
ij
B
n
i
(u)
to convert it into a (n  j)  th degree curve with the same endpoints.
As result, a new set of n+ 1 Bezier curves is obtained. The j   th curve is a (n  j)th degree curve,
having the same endpoints as the j   th curve of the original set. The new curves dene a triangular
patch with the same boundary curves as the original patch.
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3.2 "   G
1
Algorithm
The Watkins-Worsey degree reduction method presents a problem: the curve obtained by elimination
of the highest term in the Tchebyce basis achieves maximum error in its endpoints (see [WaW88]).
Thus, once the boundary control points have been forced to their original position, it cannot be
expected any kind of continuity of the tangent plane along the boundary of the curve.
Lemma 3.2.1
Let
P
P
ij
B
n
i
(u)B
n
j
(v) be a degenerate Bezier patch with P
0n
= : : : = P
nn
, and let
P
Q
i;j;k
B
n
i;j;k
(u)
be a triangular Bezier patch.
Assume that each for each j, by degree elevation of the Bezier curve
P
i
Q
i;j;n i j
B
n j
i
(u), a n  th
degree Bezier curve
P
i
Q
0
i;j
B
n
i
(u) is obtained with the properties:
Q
0
0;j
= P
0j
8j (1)
Q
0
n;j
= P
nj
8j (2)
Q
0
1;j
= P
1j
8j (3)
Q
0
n 1;j
= P
n 1;j
8j (4)
Then, both patches have the same boundary curves with the same tangent plane along them.
Proof:
The conditions (1) and (2) imply that both patches dene the same boundary curves. On the other
hand, the tangent planes along the curves given by u = 0 and by u = 1 are dened by the control
points fP
0j
;P
1j
j 8jg and fP
nj
;P
n 1j
j 8jg, respectively. Thus, both patches dene boundary
curves with the same tangent planes.
The previous lemma justies the following reduction degree algorithm, that is the basis of the current
approximation method:
Given a n  th Bezier curve
P
P
i
B
n
i
(u), a (n  1)  th degree Bezier curve
P
Q
i
B
n 1
i
(u), is dened
such that:
{ The endpoints are coincident, that is:
Q
0
= P
0
and Q
n 1
= P
n
(5)
{ By degree elevation of the computed curve
P
Q
i
B
n 1
i
(u), a n th degree curve,
P
P
0
i
B
n
i
(u),
is obtained such that:
P
0
1
= P
1
and P
0
n 1
= P
n 1
that means,
Q
1
=
n
n  1
P
1
 
1
n  1
P
0
(6)
Q
n 2
=
n
n  1
P
n 1
 
1
n   1
P
n
(7)
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The rest of the control points Q
2
; : : : ;Q
n 3
are computed by the least-square method, minimizing
the polynomial:
n 2
X
i=2

P
i
 

i
n
Q
i 1
+
n  i
n
Q
i

B
n
i
(u) (8)
Thus, the system to be solved is:
P
2
 

2
n
Q
1
+
n  2
n
Q
2

= 0
.
.
.
P
n 3
 

n  3
n
Q
n 4
+
3
n
Q
n 3

= 0
P
n 2
 

n  2
n
Q
n 3
+
2
n
Q
n 2

= 0
together with the constrains (6) and (7). The previous system will be referred, from now on, as
A
n
Q = P
0
, where A
n
is a matrix that only depens on n, the degree of the original curve.
The system can be seen as three dierent overdeterminated linear systems, corresponding to the x,
y and z coordinates, with the same matrix A
n
. Moreover, the matrix depends only on the degree of
the original Bezier curve n. On the other hand, notice that constrains (5), (6) and (7)do not held in
general in case of an original curve of degree less or equal than 3.
Now, the "  G
1
algorithm can be stated as follows:
Let
P
i;j
P
i;j
B
n
i
(u)B
n
j
(v) be a degenerate patch with P
0n
= : : : = P
nn
. For any j value, let us
consider the j   th control curve:
n
X
i=0
P
i;j
B
n
i
(u) where j = 0; : : : ; n
this curve is a n degree curve. The previous degree reduction algorithm is sequentially applied j
times in order to obtain a n  j degree curve from it. The resulting set of Bezier curves describe the
approximated triangular Bezier patch.
4. Error Analysis
In this section, we analyze the error due to the approximation of a degenerate rectangular patch by a
triangular Bezier patch, in each one of the proposed algorithms. As has been said in the introductory
section, an arbitrary degenerate Bezier patch cannot be represented as a triangular patch. Because of
this reason and in order to avoid degenerated patches, they are approximated by triangular patches.
The goal of this section is to bound the error of this approximation.
This section has been organized in two dierent subsections, each one is involved in the study of the
error produced by one of the previous algorithms. The second subsection is, in its turn, divided in
two dierent parts, and dierent types of errors are analyzed in each one.
7
4.1 Error Analysis of C
0
Algorithm
Let fP
ij
g
i;j=0;:::;n
be the control points of the degenerate patch and let fQ
i;j;k
g
i+j+k=n
be the control
points of the triangular patch obtained using C
0
algorithm. The approximation error, using Lemma
3.1, can be expressed by:
jg(u; v)   s(u; v)j =






n
X
j=0
 
n
X
i=0
P
ij
B
n
i
(u)  
n j
X
i=0
Q
ijn i j
B
n j
i
(u)
!
B
n
j
(v)






 (9)
max
j





n
X
i=0
P
ij
B
n
i
(u)  
n j
X
i=0
Q
ijn i j
B
n j
i
(u)





(10)
Equation (10) follows from (9) using the properties of Bernstein polynomials. Thus, the approxima-
tion error is bounded by the maximum error produced by the degree reduction process applied to the
control curves of the original patch.
This method uses the degree reduction process proposed by Watkins-Worsey. Thus, for any j value,
the error computation performed in [WaW88] bounds:





n
X
i=0
P
ij
B
n
i
(u) 
n j
X
i=0
Q
ijn i j
B
n j
i
(u)





(11)
and as consequence, the expression (9) can be bounded.
4.2 Error Analysis of "  G
1
Algorithm
The "   G
1
algorithm is proposed to dene a triangular patch with the same boundary curves than
the original patch and with almost the same tangent planes along them. Due to this reason, in the
" G
1
algorithm, in addition to the approximation error, the dierence between tangent planes along
the boundary curves must be studied. This dierence will called, from now on, the continuity error.
4.2.1 Approximation Error
As in the case of the previous method, the approximation follows, using (9) and (10), from the error
produced in the degree reduction process. Let us rst analyze the error of the degree reduction used
in the second method. This degree reduction method is based on the least square solution of an
overdeterminated linear system, enforcing the positions of the control points which determines the
position and tangent in the endpoints of the curve.
Let
P
P
i
B
n
i
(u) be a n   th degree Bezier curve and let
P
Q
i
B
n 1
i
(u) be the result of the degree
reduction method. To evaluate the approximation error, a degree elevation of the second curve is
performed,
jc(u)  c
0
(u)j =





n 2
X
i=2

P
i
 

i
n
Q
i 1
+
n  i
n
Q
i

B
n
i
(u)





 (12)
max
i=2;:::;n 2




P
i
 

i
n
Q
i 1
+
n  i
n
Q
i






1 
n+ 1
2
n 1

(13)
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Equation (13) follows from (12) by considering the fact that the function
P
n 2
i=2
B
n
i
(u) attains its
maximum value for u =
1
2
; this case the result is

1 
n+ 1
2
n 1

The dierences


P
i
 
 
i
n
Q
i 1
+
n i
n
Q
i



can be evaluated from the least square error, given by:







A
n
 
A
T
n
A
n

 1
A
T
n
  I

P
0






using the notation presented in section 3. In section 5, this bound is computed in a particular
example.
4.2.2 Continuity Error
As it has been previously stated, in case of the "   G
1
algorithm, the continuity error can also
be studied. This error evaluates the dierence between tangent planes along each one of the three
boundary curves of the patch.
The three boundary curves do not receive the same treatment, the boundary curves converting to
the degenerate vertex have a dierent treatment than the other boundary curve.
In the rst case, the continuity error can be measured as the dierence between the two tangent
directions along the current curve. In fact, the curve u = 0 is studied; an analogous reasoning is true
in the case of the curve u = 1. As the boundary curves of both patches are the same, the dierence
between the tangent directions can be measured as the dierence between the cross tangent directions
along the curve.
Let us call D
1
(v) the cross tangent direction of this boundary curve of the original patch and D
0
1
(v)
the corresponding tangent direction of the resulting patch.
D
1
(v) =
n
X
j=0
(P
1j
 P
0j
)B
n
j
(v)
For the new patch, using the constrains on the control points which give the tangent directions:
D
0
1
(v) =
n 3
X
j=0
(P
1j
 P
0j
)B
n
j
(v) +
n
X
j=n 2
(P
0
1j
  P
0j
)B
n
j
(v)
where P
0
1n
= P
0n
. Thus, the dierence between the tangent directions is
D
1
(v)  D
0
1
(v) =
n 1
X
j=n 2
(P
1j
 P
0
1j
)B
n
j
(v) = (14)
(P
1n 2
  P
0
1n 2
)B
n
n 2
(v) + (P
1n 1
 P
0
1n 1
)B
n
n 1
(v) (15)
From (15) and due to the properties of the Bernstein polynomials, it follows that the continuity error
along this curve can be centered in a neighborhood of the degenerate vertex. This is proved in the
following Theorem.
9
Theorem:
Let
P
P
ij
B
n
i
(u)B
n
j
(v) be a degenerate Bezier patch and let  and  be arbitrary numbers with  > 0
and  > 0.
The given patch can be transformed, by the degree elevation process, into a patch
P
R
ij
B
m
i
(u)B
m
j
(v)
such that the patch obtained by the "  G
1
algorithm presents a continuity error smaller than , for
all v value with the condition that 1  u > .
Proof:
The continuity error produced by the "   G
1
algorithm is given by the expression (15), that is, in
this case:
(R
1m 2
 R
0
1m 2
)B
m
m 2
(v) + (R
1m 1
 R
0
1m 1
)B
m
m 1
(v) (16)
where the control points fR
ij
g
ij
are obtained by the degree elevation process of the original patch.
Let us call CH the convex hull region denex by the control points of the original patch, that is by
fP
ij
g
ij
. From the degree elevation properties fR
ij
g
ij
are included in CH.
Furthermore, due to the " G
1
algorithm,R
0
1m 2
and R
0
1m 1
are also in this convex region. Thus,
the dierences k R
1m 2
 R
0
1m 2
k and k R
1m 1
 R
0
1m 1
k can be bounded from the diameter of
CH. Thus,
k (R
1m 2
 R
0
1m 2
)B
m
m 2
(v) + (R
1m 1
 R
0
1m 1
)B
m
m 1
(v) k < D(CH)
 
B
m
m 2
(v) + B
m
m 1
(v)

where D(CH) is the diameter of the CH region. Finally, using the properties of the Bernstein
polinomials the theorem is proved.
Table 1 shows this fact in specic examples, and, in particular, the inuence of degree elevation in
the continuity error.
In relation to the continuity along the boundary curve that does not converge to the degenerate
vertex, the error is given by the dierence between:
D
1
(u) =
n
X
i=0
(P
i1
 P
i0
)B
n
i
(u)
and
D
2
(u) =
1
X
i=0
(P
i1
  P
i0
)B
n
i
(u) +
n 2
X
i=2
(P
0
i1
 P
i0
)B
n
i
(u) +
n
X
i=n 1
(P
i1
 P
i0
)B
n
i
(u)
thus, the dierence is
D
1
(u) D
2
(u) =
n 2
X
i=2
(P
i1
  P
0
i1
)B
n
i
(u) (17)
and the corresponding control points dening P
0
i1
, have been computed minimizing this dierence.
Thus, it can be evaluated from the least square error.
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5. Results and examples
Several test have been made, transforming degenerate patches rst into triangular patches and then
into trimmedpatches. In most cases, the error produced by the conversion process cannot be perceived
by rendering the original and nal surfaces. Figures 2 and 3 (upper left)show surfaces made of
degenerate patches where the produced artifacts can be visually appreciated, because tangent plane
at the degenerate vertex is not dened.
A rst test object, composed of several degenerate patches, is displayed in Figure 2 (upper left).
Control points of one of the patch of the surface are drawn; in cases where control points are behind
the patch, it is rendered transparent. Notice that the original surface (upper left) presents a dark
zone close to the degenerate vertex. This dark zone is an artifact of the rendering algorithm, due to
the multiple denition of the surface normal at this point. In the approximation resulting using the
rst algorithm (upper right) edges along common boundaries of the patches are produced, because
only preservation of the G
0
continuity is granted. When the object is transformed using the "   G
1
algorithm (lower left), those edges are smoothed, although the approximation error is larger than in
the previous case. Degree elevation is performed on the original surface to obtain a more accurate
approximation of the object before applying the "   G
1
algorithm (lower right). As more control
points are used to dene the new patches, approximation error decreases, and continuity between
neighboring patches is improved (edges appear only close the degenerate vertex).
Figure 3 shows another example in which some degenerate patches cannot be well approximated, due
to the strong variation of the surface normal at the degenerate vertex.
Table 1 shows the upper bounds of the produced errors using our conversion methods on a 5x5
degenerate patch. In the case of the approximation errors, values are listed for each non-boundary
horizontal curve (boundary curves have the same control points as the original patch). As expected,
the maximumerror is produced near the degenerate vertex, in the region corresponding to the (n 1)th
curve. Errors are also computed for the conversion algorithms after raising the degree of the patch to
(5+k)x(5+k). In this case, no approximation error is produced using the rst method on horizontal
curves 1 to n+ k  3, owing to the properties of the algorithm. On these curves, approximation error
using "  G
1
algorithm is not listed because it is very small (less than 10
 7
in any case).
6. Conclusions and future work
In the present paper, two algorithms for converting degenerate patches into triangular and trimmed
tensor-product patches have been proposed and discussed. It has been shown that in general it is not
possible to convert a rectangular degenerate patch into a triangular one without approximation error.
Both algorithms minimize this approximation error in a quadratic sense while ensuring C
0
continuity
between neighbor patches. In the second algorithm, a "   G
1
continuity is guaranteed. Bounds for
the approximation errors have been derived and discussed on several practical examples. It has also
been shown that the approximation error can be arbitrarily decreased through the degree elevation
of the degenerate patches.
In the particular case of a set of degenerate patches sharing the degenerate vertex (Figures 2 and
3), the problem of converting them onto a set of G
1
non-degenerate polynomial patches can be
approached by rst ensuring that the set of converging boundary curves are consistent with some
second fundamental form [Pet89]. Future work will investigate this approach for this particular
problem.
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C0
algorithm "  G
1
algorithm
Degree Approximation Approximation Continuity
elevation error error error
0.00849 0.09059
0 0.01172 0.02710 0.11071
0.10415 0.13936
0.00491 0.03147
1 0.00916 0.01357 0.06928
0.08332 0.09920
0.00278 0.01778
2 0.00789 0.01042 0.05123
0.06943 0.07886
0.00153 0.00838
3 0.00731 0.00930 0.03796
0.05952 0.06547
0.00079 0.00430
4 0.00684 0.00881 0.02926
0.05208 0.05565
Table 1
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